The article is devoted to the investigations of the topological properties of d-spaces introduced by Wyler, Lecture Notes in Mathematics, vol. 871 (1981), 384-389. In particular, it is established that for this rather wide class of topological spaces the known Scott construction gives the spaces that are homeomorphic to the spaces of all continuous mappings into themselves. @ 1999 Elsevier Science B.V. All rights reserved. . Proposition 5 shows that for any inverse spectrum of projections the "dual" direct spectrum has direct limit which is homeomorphic to a subspace of the inverse limit, being its d-basis. Theorem 1 yields a necessary (and sufficient) condition for the "continuity" of a functor on the inverse limits in the category 9'p of d-spaces with projections taken as morphisms. As a conclusion, the following fact is established: For any To-space X and any its extension Y, being a d-space, the smallest d-space X0 C Y containing X is uniquely determined up to a homeomorphism on X. As a consequence, we obtain Wyler's result [l, Theorem 2.71 about the existence of d-completions. Hereinafter, all topological spaces are assumed to be separated (To-spaces). Then the preorder <x on the topological space X (the subscript X will be often omitted) defined by the topology as follows: for <,<' E X 4 <X t' % for any open U C X( 5 E U =+ <' E U) (cf., for example, [2] ) is a (partial) order.
We establish a simple topological property which will be the basis for further reasoning. We verify that f(t) is a limit point of the family {f(t;i) (iEZ) . Let UC Y be open and let f (5) E U. Then r E f -l(U). Consequently, there exists i E I such that 5, E f -l(U) (since t is a limit point of the family {li 1 i E Z}). But A topological space X is called a d-space if any directed family of elements of X has the least upper bound being a limit point of this family.
Lemma 1. Let { & 1 i E I} b e a directedfamily of elements of a space X (with respect
to
Corollary 1. 0. Any retract of a d-space is a d-space. 1. A closed subspace of a d-space is a d-space. 2. Zf Xj, j E J, is a family of d-subspaces of the space X, then X* % n,,, Xj is a d-space (by dejinition, the empty space is a d-space).
0. From Lemma 1. 1. It is obvious.
2. Let {<i I i E I} be a directed family of elements of X* . Then for j E J in Xj there exists <T % sup4 & and c; is a limit point of the family { ti ( i E I} in Xj. It is easy to check that (7 is also the least upper bound and a limit point of the family { & 1 i E I} in X. Consequently, for all j, j' E J we have (7 = ;"j, l; EX*, (7 = supx, & and (7 is a limit point of the family { & 1 i E I} in X*.
Examples of d-spaces
1. Any Ti-space is a d-space. 2. A complete A-space is a d-space. (all necessary definitions can be found in [4] ; Corollary 1 to Theorem 1 [4, Section 31 shows that a complete A-space is a d-space).
Any sober space is a d-space (cf. [l]).
A subspace Xc of X is called a d-basis for X if for any 5 EX there exists a directed family { 4i 1 i E Z} of elements of Xc such that 5 = supiEr I$ and 5 is a limit point of this family.
Lemma 2. If X0 is a d-basis for X, Y is a topological space, and f, g :X --f Y are continuous mappings such that f 1x0 = g 1 X0, then f = g.
Assume that f # g and 5 E X is such that f (5) # g(r). Let { ti / i E I} be a directed family of elements of X0 such that r = supiE1 & and let 5 be a limit point of this family.
By Lemma 1, f (0 = supi,, f (5i) = supiE, g(ti) = g(5). We arrive at a contradiction. Consider the simplest case where the space consists of exactly one element: E e {T}.
Then the space El = {I, T} is the so-called the Serpinskii space which is a d-space.
The following assertion is well known (and can be easily proved). Let ,fi, i E I, be a directed family of functions from C(Y,X). Let f*(y)* supiEl fi(r]), y E Y. We verify that f* E C(Y,X). Assume that f*(n)E U LX and U is open. Since f*(y) = supiE, J(q) and X is a d-space, there exists i E I such that fi(n) E U. Then q~Vefi.-'(U).Moreover,ifn'~V,then f*(n')2fi(n')EU, f*(n')fU,andnfVc f;'(U).
Thus, f* E C(Y,X) and the following relation is obvious: f* = supiE1 fi. Show that f* is a limit point of the family {h / i E I}. The pointwise convergence topology on C(Y,X) represents the smallest topology containing all sets of the form (5 U) ti {f I f E C(Y,X),f (n) E U}, n E K U CX is open. Let f* E fJck (nj, U$.), ni E Y, and let UJC X) be open for j <k. By the above arguments, there exist ij E I such that fi, E (Y/j, Uj), j <k. Since the family {f; 1 i E I} is directed, there exists i E Z such that fi, <fi, j<k. Then fi E (YIJ, q) for j<k and fi E njik (qj, U,).
The following propositions can be proved in a similar (even simpler) way. where < is the order defined by the pointwise topology on C(X,X)). A continuous mapping p :X + Y is called a projection if there exists a continuous mapping e: Y +X such that (e, p) is a projection pair A projection pair (e, p) is uniquely determined by any of its elements:
For a projection p :X -+ Y (with a pair mapping e : Y -X) denote by p the mapping ep :X -+X. Then p2 = 7 and 7 < idx. A continuous mapping p :X +X of the space X into itself such that p2 = p and p<idx will be called a proretraction.
Any proretraction p :X -+X is uniquely determined by its image p(X) G X: Let {X; 1 Pi; : X, + Xi, i <j E I} be the inverse spectrum of projections, X* e 1imXi
is an inverse limit of this spectrum, and Pi :X* +Xi, i E I, are the corresponding mappings of the inverse limit (such that Pj;Pi = pi for i <j E I).
Lemma 4. The mappings pi :X* -Xi we projections.
For i <j E I let eij : Xi + Xj be a mapping such that (eij, Pji) is a projection pair. We check that eik = ejkeij for id j d k. It suffices to prove that (e,jke!j, Pki) is a projection pair: Furthermore, it is obvious that e;i = idx,, i E I. Fix io E I. Then the system of mappings eioi :XiO -Xi for io <i E I is such that P,ieiaj = ei,,i for io < i d j and, consequently, define a continuous mapping ei, :X, + lim iO <;c,Xi(=X*) such that pie,,, -101 -e. for io <i. In particular, Pioeio = eioi,, = idx,O.
If we establish that ej, ps < idx* , then we can conclude that (ei,, pi,) is a projection pair and Pia :X* -Xi0 is a projection. To prove this fact we assume that if X" is a subspace of the Cartesian product niOQI,, Xi consisting of f E nioGrE, Xi such that
io<i<j, then pjif(j)= f(i) (and pif = f(i), io 6 i).
We first show that ei Pji < ei for
e,pj;(~))(k)=eikpj;(r'>=ejkeijpji(r>dejk(i">=(ej(~))(k).
Hence eiPii < ej. Let f E X* C n, GrEl Xi and
Thus, ei, pi0 d idx* and Pi0 is a projection.
In the proof of the lemma, we established that {Xi 1 ev :Xi +Xj, i <j E I} is the direct spectrum which will be referred to as the direct spectrum dual to the inverse spectrum {Xi 1 pji :Xj -Xi, i<j ~1). Let US check that ei = ejcij for i<j ~1. It suffices to show that (ejeij, pi) is a projection pair:
Then the system of mappings e,, i E Z, defines a continuous mapping e : X* e lim Xi + X* such that ei = eel, where e: : Xi + 1imXi are mappings of the direct limit.
Proposition 5. A mapping e : limXi + limX, is a homeomorphic embedding and e (1imX;) is a d-basis for the spa;e limXi.
Let X!-, -ei(Xi) be a subspace of X* (homeomorphic to the space Xi), i E 1. If id j, then pi < pj (since pi = pjipj) and X/ C X,!; eb :X/ -+X,! is the identity embedding of X/ into XI. Then the system {X/ 1 ei :X/ + Xi', i < j E I} form the direct spectrum homeomorphic to the spectrum {Xi 1 eij : Xi + Xj, i <j E I} with the help of the homeomorphisms ei : Xi -Xi' = ei(Xi) &X* (since ei = ejeij for i <j E I). We have X'%e(X) = lJiEIX/. Check that X', being a subspace of X*, is the direct limit limX/.
It suffices to show that if U CX' such that U nX/ is open in X/ for any i E Iythen U is open in X'. We prove a little more general fact than need in the sequel. Since Ui>Unx' (5~Un~~~5=p,(r)~4~p~-'(Un X/)=Ui), we have U* 2 Uirl(UnX/)=Un(UiEIX/)=UnX'=U and U*flX'>U.
Let 5 E lJ* nX'. Then there is i E I such that 5 E Ui nX,l and 5 =pi(<) E u nx/ c U; U* n X' C U and U = U* nX' is open in X'.
We note that the system of proretractions p, : X* +X* determined from the projections pi :X* + Xi, i E I, satisfies the assumptions of Lemma 5 and pi(X*) = ei(Xi) = X/, iE1.
Applying Lemma 5, we complete the proof of the fact that e is an embedding. implies 4' E U. We arrive at a contradiction. Thus, 5 = sup&, 4 is a limit point of the family { ti 1 i E I} C X', and X' is a d-basis for X*.
We give a universal method for obtaining inverse spectra of projections.
Let (I, <) be a directed set of indices, and let pi :X --+Xi, i E I, be a family of projections of some space X such that i < j implies pl <pi. Then for i< j E I there exists the projection pi; :Xj -Xi such that pi = pjipj. It is easy to verify that the system {Xi 1 pji : Xj + Xl, i < j E I} forms the spectrum of projections. Conversely, if {xi 1 Pj* :<j+Xir i <j E I} is the inverse spectrum of projections, then for X $z limX, pi :X -Xi, i E I, being e mappings of the inverse limit, are projections by Lemma 4 and the inverse spectrum constructed from X, pI, i E I, coincides with the original one.
The above representation of inverse spectra of projections allows us to pass up to a homeomorpism to spectra of the subspaces:
Let p; :X -Xi, i E I (id j + pi d pj) be a family of projections of X and let {xl I P/f :q -xi, i < j E I} be the corresponding inverse spectrum. Let pi :X +X be the proretraction of X corresponding to the projection pi :X -Xi, i E I, X/ *pi(X), i E I. Then i < j implies X,' '7:. Set pj, ' %pi lJ$!, it is easy to see that the system {X/ 1 p:i :3! +&i" id j E I} is an inverse spectrum which is homeomorphic to the spectrum {Xi I JJji : xYj +X;, i < j E I}, with the help of the system of homeomorphisms e, :X, +X/=ei(Xi)cX, h w ere e; together with pi, i E I, form a projection pair. This remark shows that it suffices up to a homeomorphism to consider spectra appearing from directed families of proretractions. Let p; :X +X, i E Z, be a directed family of proretractions of the space X (i.e., for any i, j E I there exists k E I such that pi, pj < pk ). On I we introduce a preorder, setting i<j* P; < pj.
Let X, I + pi(X), i E I. For id j e,, : Xi -<, is the identity embedding (X, CX,); pji % pi TXj :Xj +A';. Then {Xi I pji :Xj +Xi, i<j E I} is an inverse spectrum of projections, {Xi 1 e,j :X, --+Tt,, i < j E I} is the dual direct spectrum ((eij, pji) is a projection pair for id j E I).
We return to d-spaces and establish a basic topological fact.
Proposition 6. Let X be a d-space, and let pi, i E I, be a directed family of proretractions of X, X, * pi(X), i E I, X* * UiEIX;, p* SUpiEl Pi(E C(X,X)), X* ti p(X). Then
(1) p is a proretraction of X, (2) X* is a d-basis for X*, (3) if the family pi, i E I, separates X (i.e., for any 5 # t' E X there is i E I such that pi(l) # p&t')), then X=X*, (4) X* is naturally homeomorphic to the space limXj, (5) X* is naturally homeomorphic to the space l&X;.
Let 5 EX* and let i E I be such that t EX~ = Pi(X). Then for i < j E I we have Xi C X, = Pi(X) and pi( <) = 5. Consequently, P( 5) = sup&( 4) = supiGi pj( t) = 5. Let 5'EX*. Then P(<)=suPPi(i'), P2(1")=P(supPi(~))=suPPPi(~)=supPi(~)=P(~). Moreover, Pi(t) d 4 for all i E I implies P(5) = supPi < 5. Thus, p is a proretraction OfX.
Let 4 EX. Since {Pi(<) 1 i E I} 1s a directed family of elements from X*, p( 4) = Suppi ( and p(t) is a limit point of the family {Pi(<) 1 i E I} (X is a d-space!), then X* is a d-basis for X* = p(X).
Let a family of proretractions p,, i E Z, separate X and let 4 EX. Since Pi(t) <
p(5)6& we have ~~(0 = P?(OGPip(5)Gpi(5), i.e., p,p(t) = pi(t)
for all i El.
Consequently, p( 5) = 4.
Proposition 5 yields assertion (4) of the proposition.
Let X' k 1imXi and let pi : X' + Xi be the corresponding projections (in accordance with Lemma g). Then the family pi : X' +X', i E I, of the corresponding proretractions (pi(X') = ei(Xi), i E I) separates the space X'. By the above arguments (cf. (2) and (3)) e((limXi) is a d-basis for X'. Since X* is homeomorphic to limXi and e(limXi), we conclide that X', being a d-space with the same homeomorphicd-basis as thiat for X*, is homeomorphic to X*.
We give another formulation of Proposition 6 using the above representations of inverse spectra of projections. Let (I, <) be a directed set of indices and let Pi :X +Xi, i E Z, be a family of projections such that i <j E I implies p, < pi. Let {Xi 1 Ri : & +X;, i < j E Z} be the inverse spectrum of projections, where Pii are found from the relation p, = pjipi, i< j E Z, and p :X + limX, be a continuous mapping to the inverse limit determined from the system Pi, i &. Let {Xi 1 eij : Xi -Xi, i <j E I} be the dual direct spectrum and let e : 1imX; + 1imX; be a homeomorphic embedding. To formulate corollaries, we introduce the category 9P whose objects are d-spaces and morphisms are all their projections. Setting Fe(p) % p', we obtain a fimctor from 9J' into 9J'. Let pi :X +Xj, i E I, be a directed system of projections separating X. For simplicity, we assume that Xi is a subspace of X. Therefore, X* e lJiEIX is a d-basis for X. Let f # f' E Fe(X) = C(X,X), then there exist i E I and 5 EX, such that f(c) # f'(4). Since the system pi, i E Z, separates X, there is j E I such that pjf(<) # pjf'(<). If k E I is such that i,jdk,
the system of projections Fc(pi), i E 1, separates Fe(X) = C(X,X).
Theorem 1 allows us to realize the Scott construction [3] of topological spaces X homeomorphic to the space C(X,X) on a considerably wider class of topological spaces than the class known earlier. Such spaces XZ C(X,X) define a model of type-free A-calculation in the case where the mapping ev : (f, <) H f(t), f E C(X,X), l EX, from C(X,X) x X to X is continuous.
If X is a d-space and there exists a projection p : C(X,X) +X, then we introduce a sequence of spaces and projections as follows:
PO=P:XI =Fc(XO)(=C(X,X))+XO(=X),...,~,+I =Fc(p,),
n E a. The sequence allows us to define the inverse spectrum of projections {X, 1 pm,, :
-G-X, n6mEw},bysettingp,,=p,_l...p,_lp,forn<mandp,,=idx".Then
Note that the constructed space X* %J limX, (such that X* M C(X*,X*)) is projected onto X=X& We give the simplest condition of the existence of a projection pair e :X + C(X,X), Introduce a transfinite sequence Xp of subspaces of X (starting from Xc) as follows: X,+1 =cxfl>O, X,% u y,pX7 for a limit p. Since all Xb's are subspaces of X and Xb C X, for fi < y, there exists an ordinal CI such that X, = X,+1 = (X,)'. By the above property, X, is a d-space (subspace of X containing X0). Consequently, X, =X.
p: C(X,X) -+X if X contains the smallest element I, then eo and po such that e0(50>(5) * 50 for 50,5 E X, po
In order to apply corollary to Lemma 6, it suffices to establish the following property: If B is a limit ordinal, then Xb is naturally homeomorphic to the space lirn ?.+ X;,.
This property asserts that the topology on Xb regarded as a subspace of X coincides with the topology of the direct limit of the direct spectrum {X, By Proposition 8, it suffices to find some d-space X containing X0 as a subspace.
But it is Lemma 3 which shows that X0 is homeomorphic to a subspace of the d-space $"O I , where TxO( CP(Xo)) is the topology on X0.
To conclude, we note that a d*-basis is not necessarily a d-basis. Thus, the sequence of subspaces Xb of the space X constructed in the proof of Proposition 8 is not always terminated at the first step. In fact, this transfinite sequence can be as long as desired.
We give the simplest example of a sequence consisting of 3 terms. On the basis of ideas of this example, it is easy to construct examples of spaces with transfinite sequences as long as desired. Let %i E Xr be the limit of this sequence in X, m E w. It is not hard to check that in X (consequently, in Xi) the following relations hold: o<i< . Eib . . .; moreover, this sequence has no upper bound in Xi. Let * %G sup{E ( m E CO}. Then X2 = X, U { *} and X2 is already a d-subspace of X.
